A general method was developed for estimating the volumetric energy efficiency of pressure retarded osmosis via pressure-volume analysis of a membrane process. The resulting model requires only the osmotic pressure, π, and mass fraction, w, of water in the concentrated and dilute feed solutions to estimate the maximum achievable specific energy density, u, as a function of operating pressure. The model is independent of any membrane or module properties. This method utilizes equilibrium analysis to specify the volumetric mixing fraction of concentrated and dilute solution as a function of operating pressure, and provides results for the total volumetric energy density of similar order to more complex models for the mixing of seawater and riverwater. Within the framework of this analysis, the total volumetric energy density is maximized, for an idealized case, when the operating pressure is π=ð1þ ffiffiffiffi w p À 1 Þ, which is lower than the maximum power density operating pressure, Δπ=2, derived elsewhere, and is a function of the solute osmotic pressure at a given mass fraction. It was also found that a minimum 1.45 kmol of ideal solute is required to produce 1 kWh of energy while a system operating at "maximum power density operating pressure" requires at least 2.9 kmol. Utilizing this methodology, it is possible to examine the effects of volumetric solution cost, operation of a module at various pressure, and operation of a constant pressure module with various feed.
Introduction
Pressure retarded osmosis is a method of generating energy from a potential energy gradient between two solutions . In PRO, a volume of water is passed up a pressure gradient by a chemical potential gradient generated by dissolved solutes. The volume passed and its energy density are interdependent: operating at high pressures will limit the relative volume that can be passed but the volume will have a high energy density, while operating at low pressures will allow a larger relative volume of water to transfer with a lower energy density. There have been a number of papers which consider the energy that can be extracted in a PRO process; this energy is inversely related to the minimum energy of desalination [28] [29] [30] . Previous characterizations of volumetric energy density of PRO processes have defined a frame of reference to dictate the resulting value based on the stream perceived to be more expensive or limiting; two previous analyses of a commonly proposed osmotic energy source, the mixing of seawater and riverwater, resulted in different analyses by selecting opposite bases for normalization. Veerman et al investigate the "fuel efficiency" of a seawater-riverwater reverse electrodialysis (RED) process and concluded that if the pretreatment cost of riverwater is substantial [31] , operating at high transfer by fully diluting the concentrated solution will be more efficient. Yip and Elimelech [14, 15] , however, arrive at an energy density of approximately 0.75 kWh/m 3 of dilute feed solution for a seawater-riverwater PRO process by assuming the dilute feed solution will be the limiting resource. As the energy of mixing is a thermodynamic property, is has been shown that the maximum extractable energy for RED and PRO processes are identical for identical feed conditions [32] . More recently, Lin et al analyze the specific energy density of PRO process accounting for both feed and draw solution but ignoring, to an extent, dimensional parameters such as membrane area and module length [33] . By this type of analysis, the volumetric energy density of either or both streams may be specified to yield a more practical result for process design. A more general analysis of the "cost" per unit volume of PRO working solutions, such as pretreatment and pumping costs, allows extension of the concept of specific energy density to specific energy "cost", which allows the minimization of the total cost, per total volume of input solution.
Analyses of seawater and riverwater PRO processes have implied that the volumetric energy density of the process, which has a maximum value of approximately 0.192 kWh/m 3 of seawater and riverwater combined, is too low, especially when considering pretreatment costs for seawater and riverwater, to be a practical source of renewable energy [33] . PRO has also been proposed and evaluated as an energy recovery process for reverse osmosis (RO), by which riverwater or treated wastewater is mixed with RO brine to recover a portion of the energy spent on desalination [32, 34, 35] . Both of these processes are open-loop, in that the feed streams are not manually regenerated. Osmotic heat engines (OHE) have been proposed which utilize continually regenerated (closed-loop) streams of concentrated and dilute solutions [33, 36] . While such a system is feasible in a number of forms, OHE are typically contrived to utilize low-grade heat and are proposed as add-on energy recovery systems, not as primary energy generation technologies, as the thermal efficiencies are typically low and temperatures are restricted to those which polymeric membranes can withstand [37] . These engines are proposed as alternatives to Organic Rankine Cycle engines (ORC) for recovering waste heat from industrial processes and power production. A third form of PRO may be envisioned in which an external, natural source of feedwater, e.g. seawater or riverwater, is combined with a stored solution, e.g. rainwater or an specialized draw solute, to produce power. Such a system must only store one of the solutions of a traditional closed-loop PRO process. Like closed-loop systems, such "semi-open" systems must regenerate the initial stored solution and external solution for re-use and discharge.
The closed-loop and semi-open loop PRO processes allow for the storage of energy through the storage of the unmixed working fluids. A plant may operate as a load-leveling battery, generating concentrated and dilute solutions at night and mixing them during the day, or as a battery for peak demand or intermittent power production. For the application of an osmotic battery, the specific energy density allows the comparison between competing forms of stored energy which have better defined specific energy densities; this includes solid-state batteries, flow-cell battery working fluid, fuel cell fuels, and combustion fuels. The specific energy density, here defined only in terms of the process working fluids, may then be weighed in combination with other concerns, membrane power density, in W/m 2 , the related module power density, in W/m 3 , and the system cost in USD/W. By analyzing the specific energy density of osmotic agents as well as the limits on energy extraction by reasonable operating conditions, it is possible to compare PRO systems to competing technologies such as chemical heat pumps, thermal storage, pumped hydro gravity storage, solid-state batteries, flow cell batteries, and compressed air storage.
In this paper a general method is developed for estimating the volumetric energy efficiency of pressure retarded osmosis via pressure-volume analysis of a membrane process. The resulting model requires only the osmotic pressure, π, and mass fraction, w, of water in the concentrated and dilute feed solutions to estimate the maximum achievable specific energy density, u, as a function of operating pressure. This method utilizes equilibrium analysis to specify the volumetric mixing fraction of concentrated and dilute solution as a function of operating pressure, and provides results for the total volumetric energy density of similar order to more complex models. Utilizing this methodology, it is possible to examine the effects of volumetric solution cost, operation of a module at various pressure, and operation of a constant pressure module with various feed.
Theory

Osmotic equilibrium and piston-type model of PRO processes
The pressure required to maintain equilibrium between a solution of pure water and a solution containing a solute is the osmotic pressure. In a piston-type PRO process, as illustrated in Fig. 1a , the initial state is that the applied pressure is equal to the osmotic pressure. If the pressure applied to the concentrated solution is changed by an infinitesimal amount, an infinitesimal amount of pure water will permeate the membrane. In all subsequent expressions, the water transferred (ΔV) is always treated relative to either the initial concentrated (V HI ) or dilute (V LI ) feed solutions. We assume proportionality between the osmotic pressure and molality (Morse equation), which is consistent over a wide range of concentrations relevant to PRO [38, 39] and modern draw solutes [40] [41] [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] . Inclusion of the initial mass fraction of water in the high osmotic pressure solution, w HI , ensures that all transformations are conducted consistently with molality. The equilibrium state of a piston model, with a pure water feed, as a function of operating pressure is expressed by Eq. (1).
Integrating Eq. (1) with respect to the volume transferred results in the product of pressure and volume, or the work (W) done by the reversible piston PRO process. This equation simultaneously describes the ideal energy produced by a PRO process (ΔV40) as well as the minimum energy required to desalination a volume of water to absolute purity (ΔVo0).
This alternative expression for the energy of mixing and method of calculating the minimum energy required for desalination is premised on the product of pressure and volume being an expression of energy. The volume-pressure model avoids the tabulated activity coefficients and a number of assumptions and approximations used in existing Gibbs free energy methods [28] [29] [30] . Eq. (2) does not require the identity of the solute (or solutes) in solution and is perfectly capable of being applied to solution consisting of a collection of solutes such as seawater and most other solutions in need of treatment. The relationship is expected to be valid until at least a solutions eutectic or saturation concentrations due to the underlying osmotic relationships [38, 39] . The simplicity of this method should allow for broad application in evaluating the fundamental energy cost of treating novel aqueous solutions or conducting a treatment outside the conventional $ 50 wt% dewatering of seawater.
In terms of the application of Eq. (2) to PRO because the log term in Eq. (2) is unbounded, the work done diverges to infinity for a PRO process given an infinite supply of pure water. Either practical operating condition of a) a fixed operating pressure or b) a non-zero feed osmotic pressure are sufficient to prevent the infinite evolution of energy.
Counter-flow PRO mass exchanger equilibrium
It is impractical to operate variable pressure, i.e. piston-type, PRO systems for a number of reasons including a desire to achieve continuous operation in a practical implementation. Continuous PRO operation may be achieved in either co-current or countercurrent flow, as in Fig. 1b . The limiting case for co-current flow is equivalent mixing such that the output osmotic pressures are equal and features a decline in transmembrane osmotic pressure gradient along an element [33] . The corresponding limiting case for counter-current flow is that the output osmotic pressures are equivalent to the opposing input osmotic pressures with a more constant transmembrane osmotic pressure gradient is maintained along an element. The counter-current flow can achieve the greatest degree of mixing possible for a constant-pressure system and can represent a perfect mass exchange system given infinite dimension [52] . A variable-pressure PRO process may be approximated by operating subsequent modules as in Fig. 1d at lower osmotic pressure, however it has been discussed [15] that the energy density per stage drops. Thus the power production per capital cost can be expected to decrease.
In the absence of both applied pressure and process nonidealities, the counter-current PRO process is reversible, despite operating within the framework of a fixed operating pressure. Real systems will not achieve osmotic equilibrium, since flux becomes low at low osmotic pressure differences and because real membranes are not perfectly selective; alternately, this is because, even for a perfect membrane, membrane area in a module is finite. A real PRO process will require an "excess" of the dilute solution or concentrated solution, depending on perspective, to account for process conditions and to drive process kinetics.
For a PRO process in which the feed osmotic pressure is not negligible, the operating pressure is no longer specified as in Eq. (1), but rather as Eq. (3).
and the work done is now expressed by Eq. (4):
The equilibrium outlet osmotic pressures can be found by rearranging Eq. (3). In Eqs. (5) and (6), the middle expressions define the equilibrium outlet osmotic pressures from the initial inlet state and the fixed operating pressure. The expressions on the right describe the equilibrium in terms of the equilibrium permeated volume (ΔV) and the initial states.
This analysis holds the trans-membrane pressure, the pressure directed to the pressure exchanger, and the pressure directed to the energy recovery turbine at an equivalent pressure represented by P op . This equivalence is made possible by fixing the volume directed to the pressure exchanger as V HI and the energy recovery turbine as ΔV. During practical operation of a PRO system there may be reasons to let these volumes and pressures vary relative to each other but in this analysis it would introduce unresolvable variables without altering overall system properties and energies
The equilibrium ratios of input volume to permeated volume may be calculated as Eqs. (7) and (8) where Δπ¼π HI À π LI is the difference in osmotic pressure between the input concentrated and dilute solution.
These ratios treat the operating pressure (P op ) as the primary independent variable while the volumes are dependent equilibrium or "minimal" values. This method side-steps many of the complications experienced when the dilution factor and operating pressure are varied in combination. Eqs. (7) and (8) can be combined to yield the ratio of the total volume to permeated volume as Eq. (9).
These "minimal" thermodynamic working volumes ratios can be converted to minimal inverse specific energy density, in m 3 /kWh, by dividing by the transmembrane operating pressure; the term P op ΔV is the work done by the system. This converts Eqs. (7)-(9) to Eqs. (10)- (12) .
If the dilute solution is assumed to be very dilute relative to the concentrated solution (π LI {π HI ), such that it can be assumed that w LI E1, π LI E0, and ΔπEπ HI , then Eq. (12) can be simplified and inverted to find the specific energy density as Eq. (13).
3. Discussion
Advantage of osmotic pressure-volume method
As mentioned the osmotic pressure-volume method assumes an adaptation of the Morse relationship between osmotic pressure and concentrations [38, 39] . Thus any future osmotic pressure resulting from the addition or removal of pure water can be predicted solely input osmotic pressure (π HI ), the corresponding mass fraction (w HI ), and relative volume of water added V LI /ΔV and V HI /ΔV. The initial osmotic pressure is ideally derived from experimental measurement (i.e. vapor pressure, isopiestic, freezing point depression). This osmotic pressure-volume method is considerably simpler than expressions derived using the Gibbs free energy [15, 28, 29, 33, 34] , which explicitly make a variety of dilute-solution assumptions, limiting their extensibility. The results achieved using the osmotic pressure-volume method derived in this paper are comparable to dilute predictions derived from other models but can address far more concentrated solutions. As a result, the performance of a PRO system may be estimated from a limited number of initial states without reference to extensive tabulated data.
Specific energy of draw solutes and feed solution
An "ideal" solution containing a solute, when presented with a perfect membrane and infinite supply of pure water will dilute indefinitely. As demonstrated by Eq. (2) the osmotic energy in this dilution is unbound and the recoverable energy is infinite for a variable pressure system. As has been demonstrated in other work [14, 15] , a fixed-pressure PRO process discards the energy of mixing above the operating pressure as well as the energy of the remaining unmixed solution below the operating pressure. The introduction of P op not only reduces the osmotic energies to finite quantities but allows definition of the maximum specific energy densities u max.
Similar to the unbound state, the maximum energy density of the concentrated solution is realized when a large volume of dilute solution is used to allow complete mixing/dilution of the concentrated solution, such that P op approaches its minimum. This state can be found by solving the inverse of Eq. (10) for the case where the P op approaches zero, Eq. (14) (third expression). Assuming π LI also approaches zero and P op % π LI allows Eq. (14) to be further reduced (fourth expression).
The u H max represent the specific energy contained in a unit volume of solution or solute that is diluted at a constant pressure and allows for comparison between different osmotic agents with knowledge of the initial osmotic pressure and water mass fraction. This value is commonly reported as the amount of energy in a draw solution [16] but would require an infinite volume of dilute solution to obtain.
All expressions of Eq. (14) are proportionally dependent on the input volume of the concentrated solution, V HI . The volume dependence of u H max is best described as m 3 ¼ V HI while π HI can be substituted with nRT/V HI . Multiplying Eq. (14) by the common denominator V HI and assuming at temperature of 298 K allows the proportional dependence to be removed to solve for exact number of moles of concentrated solute required per kWh as expressed by Eq. (15 
When Eq. (11) is used for a 0.6 M solution of sodium chloride at 298 K, the osmotic pressure is approximately 26.3 bar and the corresponding u L Pop for a pure water feed is 0.73 kWh/m 3 , which is comparable to other results [14] . This value is also the equivalent of the energy required for the removal of an infinitesimal volume of water from seawater.
Percent energy recoveries for dilute and concentrated solutions
The percentage of the maximum energy utilized by the input streams is the ratio of the energy at the specified operating condition to the maximum energy available for that stream.
For the concentrated solution this is the ratio of the inverse of Eq. (10), to the u H max for that solution, Eq. (14), which yields the exact solution, Eq. (17), and a simplified approximation when for dilute feeds when π LI approaches zero. Notably even for the exact solution, this relationship is independent of the weight fraction w HI .
Similarly for the dilute solution, the fraction of available energy extracted is the ratio of the inverse of Eq. (11) to Eq. (16), when P op ¼ π HI, yielding the exact solution, Eq. (18) . For a dilute feed, π LI approaches zero, the relationship can be simplified.
The total fraction of available energy extracted, or the efficiency, can be found by summing the energy extracted normalized to each stream divided by the volume fraction of that stream, i.e. ðu HI recovered V HI þ u LI recovered V LI Þ=ðV HI þ V LI Þ. Plotting the relative fraction of energy recovered relative to P op =π HI yields Fig. 2 in which increases in the dilute solution osmotic pressure shift the maximum efficiency towards lower operating pressures.
Volume and energy optimization of PRO processes
Analyzing, by Eq. (13), a solution of seawater simulant (26.3 bar, 96.5 wt% water) and a dilute solution of 0.263 bar ( 1 / 100 ) and 99.9 wt% water, the resulting maximum specific energy density is 174 Wh/m 3 at 12.9 P op ¼12.9 bar. If values are assumed to be 0.6 M and 20 mM sodium chloride at 298 K -$ 29.7 and $0.99 bar, respectively, via the Morse relations [38] the resulting specific energy density is 182 Wh/m 3 at 14.2 bar, which is comparable to the results from Lin et al [33] (192 Wh/m 3 ). Thus a seawater-riverwater PRO plant would be expected to require approximately 2.7-2.9 m 3 each of seawater and riverwater per kWh of energy, before accounting for process inefficiencies. Operating at a higher pressure to extract more energy for a given volume of riverwater input will greatly increase the volumetric requirements of seawater.
The volume requirements per kWh for concentrated solutions of NaCl at seawater conditions ( $26.3 bar), 62 bar, 103 bar, and 171 bar are shown in Fig. 3a for dilution with pure water. In the case of a pure water feed, the ideal operating point can be found via differentiation of Eq. (12) to be Eq. (19) .
This result indicates that the ideal operating pressure is a function of the concentrated solution's solute mass fraction required to achieve a given osmotic pressure. This value is lower than the maximum power density operating pressure, Δπ=2, derived elsewhere. However Δπ=2 serves a reasonable approximation for most applications. When P op;ideal conditions are applied to Eq. (15) we find that at least 2.9 kmol of ideal high concentration solute are required per kWh of energy stored or generated. The cost lithium ion batteries for electric vehicle manufactures is speculated to be near 300 USD/kWh (early 2015). Based on this cost threshold (and assuming P op;ideal conditions) any osmotic energy storage system must use a solute that costs substantially less (likely an order of magnitude less) than a 100 USD/kmol of ideal solute to be able to compete with the current cost of large lithium batteries in the storage market.
In Fig. 3a , the mass fraction of water is linearly interpolated for data for sodium chloride at 298 K yielding w w E1-0.001331π. Thus the osmotic pressures in Fig. 3a approximately correspond to ideal operating pressures, of 13.03, 30 bar, 50 bar, and 80 bar, respectively. While the ratio of volume required to minimum volume required are roughly identical for operation at a given operating pressure, the depression of volume per kWh at higher operating pressure allows for more flexibility in the operating condition. Subjectively, an additional m 3 per kWh, beyond the minimum m 3 /kWh, might be a reasonable target for practical PRO operation; the region of operating pressures within this bound is shown in Fig. 3a and decrease with decreasing osmotic pressure. This means that an osmotic power system using a higher osmotic draw has the flexibility to operate at higher pressure, with lower dilution of the draw solution, or lower pressure, with higher dilution of the draw solution.
If, alternately, the maximum operating pressure of a module is known, then it is possible to choose the osmotic pressure of the concentrated solution for a closed loop system. Fig. 3b shows the effect of changing the osmotic pressure of the concentrated solution, of sodium chloride, for fixed operating pressures of 13.04, 30, 50, and 80 bar; these are representative feasible target operating pressures for PRO modules.
Similar to the variable pressure operating condition shown in Fig. 3a , the higher operating pressure makes the resulting system more insensitive to deviations from the ideal operating point generated via Eq. (19) , which represents variable pressure operation. Operating with osmotic pressures higher than 166 bar at a fixed operating pressure of 80 bar means the PRO process will operate to the left of the ideal operating point show in Fig. 2 , such that P op oP op,ideal . These conditions reduce the energy density of the dilute solution but increase the energy density of the concentrated solution.
Because of the flattening that occurs at higher pressures, it is more feasible to operate an osmotic battery or osmotic heat engine at reduced pressures than it is to operate a seawater-riverwater PRO system. Fig. 3b illustrates the effects of choosing the osmotic pressure for a module operating at a hypothetical maximum pressure for concentrated sodium chloride solutions. Higher operating pressures approximate better the ideal operating curve, and it appears from Fig. 3b that 1 kWh/m 3 is a feasible target energy density for a PRO process, as this is achievable with 50 bar operating pressure, which may be within the reach of existing membranes [37] . The operating pressure of a membrane module is subject to practical constraints on both transmembrane pressure and absolute operating pressure; for current RO modules, these are roughly equivalent, but it is likely that the transmembrane pressure is the more limiting factor for PRO [53] . The characteristics desirable in a PRO membrane (e.g. thin, non-tortuous, hydrophilic, high porosity [54] ) are at odds with making membranes robust enough for use in PRO. Some investigations have found that RO membranes experience a decrease in permeability due to compaction [55] , while studies on FO processes with pressurized feeds [53, 56, 57] or otherwise a comparison between membrane parameters derived from PDMP and ODMP experiments [58] have implicated pressure as having an effect on effective membrane salt and water permeability. Thin-film composite forward osmosis membranes tested at high pressure in PRO conditions have been observed to fail between 48.3 and 55.2 bar [37] . Even with further advances it is unreasonable to expect that a full scale single PRO stage can operate at any pressure significantly greater than the maximum employed in commercial RO today. This suggests a limit to the operating pressure of a PRO module of, optimistically, around 80 bar transmembrane pressure-the maximum stated operating pressure for the Dow SW30XHR-440i element, for example, is 1200 psig ( $ 83 bar) [59] . A PRO process operating at 80 bar with a pure water feed would require about 0.5 m 3 of fresh water per kWh of energy. Operating near P op,ideal would require $ 0.5 m 3 of 171 bar concentrated solution for an energy to solution volumes volume ratio of 0.96 kWh/m 3 . There is no theoretical reason to limit the concentrated solution to 171 bar. It is thermodynamically valid to use the most concentrated osmotic material available, such as an anhydrous salt. If, for example, the concentrated solution with an osmotic pressure of 375 bar is generated from anhydrous NaCl with all water derived from flux across the membrane the system would be operating at 78% of u H max at 80 bar based on Eq. (15) . Applying these conditions to Eq. (17) indicates such a system would require 0.025 m 3 of salt per kWh of energy which is small compared to the 0.5 m 3 requirement of fresh water. This analysis indicates that 2.1 kWh/m 3 represents an approximate maximum for which a single-module PRO process might be bounded due to current transmembrane pressure tolerances of 80 bar.
Cost optimization of PRO
The "value", or volumetric cost, of an osmotic agent or feedwater stream is not something that can be known a priori. The cost per unit volume of taking a feed stream from a reservoir and either discharging or regenerating it is important as economic considerations could shift the ideal operating point for a PRO process. The volumetric cost of a stream, c x , may consist of pumping duty, pretreatment costs, heat duty, mechanical losses, or any number of quantifiable parameters. The total value of the stream is specified by c HI V HI þc LI V LI .
Since most treatments of PRO mixing processes to date assume or suggest that the dilute stream will be more valuable, the total cost is normalized by the dilute solution volumetric cost to yield a single parameter, C, or c HI =c LI . This ratio can be applied to Eqs. (7) and (8) and summed to yield an expression similar to Eq. (13), which specifies now the total cost, rather than total volume, per kWh, normalized to the dilute solution cost.
When the ratio C is near 1, the input streams are of nearly equal value; the result from Eq. (20) is then similar to the result from Eq. (12). If C is less than one, then the dilute solution is of higher value than the concentrated solution, and a higher operating pressure is chosen than the operating pressure which maximizes the specific energy density. If C is greater than 1, the concentrated solution is of higher value, so the cost is minimized by operating at lower pressure to increase dilution, and thus utilization, of the concentrated solution.
Cost weighting shifts the operating pressure away from the maximum specific energy density point and therefore operating conditions which minimize cost may not maximize efficiency. Similar to Fig. 3a , we can define a practical operating regime as the area which requires one additional m 3 of input solution per kWh of energy produced. For the concentrated solutions in Fig. 3a , the values of C which optimize Eq. (20) at the required pressure are solved numerically and shown in Table 1 . As in Fig. 3a , operation at high pressure allows wide variety in concentrated and dilute ratios for efficient operation. Table 1 demonstrates that an 80 bar PRO module would be able to accept concentrated solution cost ratios between 1:36.10 and 3610:1 given 1 m 3 /kWh excess. While this method does not specify whether operation at the costminimizing pressure will be economically feasible, it does indicate that high pressure modules should feasibly be able to operate at such a cost-minimizing point.
Staged PRO processes
Many proposals for PRO processes have noted the incredible potential energies that can be generated with concentrated solutions. Accessing these high osmotic pressures are difficult due to the transmembrane pressure limitations previously discussed. There are a number of variations by which PRO process may be staged [60] , and two are featured in Fig. 1 . In one, a volume of dilute solution may be passed "up" through a number of serial (relative to dilute solution) PRO stages (Fig. 1c) , each increasing in pressure and concentration, while the volume passing through each stage remains constant. This "upgrades" the energy density of the dilute solution and allows the PRO system to access high operating pressures by maintaining a constant transmembrane pressure. The other method is to pass the diluted high osmotic pressure solution into parallel (relative to dilute solution) PRO stages with lower P op (Fig. 1d ) to increase the volumetric energy density of the concentrated solution.
Analysis of "serial" staged performance
The "serial" staged system does not recover pressure between stages, and because the operating pressure of each stage changes minimally while the flux is maintained constant, the energy produced in a "serial" staged system is roughly n Uu total LI;1 relative to the dilute solution, where n is the number of stages and u total LI;1 is the specific energy density of the first stage. The "serial" staged system can operate with intermediate draw solutes, since only the top stage needs to be externally regenerated. In a real system, concentration polarization effects would make it difficult to achieve equilibrium.
The "serial" PRO staging scheme requires that the ΔV across all stages must be constant and the volume of inputs and outputs be matched, such that V HO;n ¼ V LI;n þ 1 , V LO;n þ 1 ¼ V HI;n . To maintain a constant ΔV and ensure that the streams are balanced, the membrane area and P op can be modeled as equivalent for each stage. Table 2 presents a sample PRO scheme with modules operating at 50 bar and with various sodium chloride concentrations, reaching an ultimate π HI;top of 299.3 bar, starting from a π LI;bottom of 0 bar. The operating pressure of a stage is the sum of the transmembrane pressures for all previous stages. A serial staged PRO process must be capable of pumping relatively large volumes of liquid at high pressure, requiring high-pressure highflow pumps, and the modules used must be capable of withstanding high absolute pressures.
Analysis of "parallel" staged performance
The "parallel" staged system recovers pressure, and thus energy, at each stage. Since each stage consumes "fresh" supply of dilute feed solution, while the "serial" staged system has only one input of dilute solution and one input of concentrated solution, the specific energy density relative to the total system volume will be much lower, but the specific energy density relative to the concentrated solution volume will be higher. Additionally, such a "parallel" system would require a hydroturbine for each stage capable of recovering energy at each stage's pressure; this would considerably increase the capital cost of any plant.
Parallel staging instead requires that each stage be capable of generating power and repressurizing the concentrated feed to the previous one. Therefore each stage requires its own hydroturbine and pressure exchanger system. For a parallel system operating with an initial π HI of 171 bar, π LI of 1 bar, and a P op of 80 bar, the results of a staging system are shown in Table 3 . The parallel staged system yields high energy densities when normalized to the draw solution. In stage 5 of Table 3 , 1 m 3 of concentrated solution 171 bar yield a total of 5.02 kWh. However, the relative size of the total system volume for the staged system here is over 28 times greater than for the first stage alone. Therefore unless the cost ratio for the concentrated solution is very high, reduced pressure staging is likely to be economically unviable.
Analysis of the osmotic battery
The analysis presented here, as well as others, cast doubt on the feasibility of extracting energy from seawater-riverwater mixing through PRO due to the low specific energy density and expected pumping and pretreatment costs incurred in seawater-riverwater PRO. The specific energy density of seawater-riverwater PRO is low enough that pumping costs (e.g. far offshore pumping) or pretreatment can render the process unviable. An osmotic battery or osmotic heat engine can be designed for energy density or energy efficiency, making such a process feasible where seawaterriverwater PRO is not. Table 2 Performance of a serial staged PRO process (Fig. 1c) . Transmembrane pressure and concentrated solution osmotic pressures are chosen to ensure consistency between the stages with a constant ΔV . The demands of an osmotic heat engine are either good thermal efficiency or the ability to utilize very low quality heat sources. An osmotic heat engine might be employed as a primary power generator, powered via geothermal or solar energy, or as an add-on unit at existing chemical and power plants to utilize lowgrade waste heat. An osmotic battery, conversely, is less dependent on overall efficiency than on the energy density of the system, its safety and stability, and the startup latency. In such a case, a highly energy dense solution or solute may be stored to maximize energy density and be regenerated, with less thermal efficiency, by some form of distillation or evaporation. A regeneration utilizing low-grade energy is useful, but not an absolute requirement for an osmotic battery. When electricity is abundant and less expensive it could be feasible to operate a RO-PRO process.
Stage
At the hypothetical operating limit presented in this work of 80 bar, an osmotic battery will have an energy density of $ 1 kWh/ m 3 (3.6 MJ/m 3 ). While this is less than typical for competitive systems like compressed air energy storage, pumped hydro, or flow batteries, an osmotic battery can be charged with low grade heat rather than electricity and is extremely scalable. The energy volumes can be increased by adding working fluid volumes and the power rates can be increased by adding additional PRO membrane elements and turbines.
Conclusion
This paper presents a methodology for evaluating the energy density of solution used in operating a PRO process as a function of the available solution osmotic pressures and the module operating pressure. Via this method, an alternative derivation the energy of mixing is reached in the form of Eqs. (2) and (4). Application of Eqs. (2) and (4) allows the calculation of thermodynamic limits for both osmotic energy generation processes and desalination processes without many of the approximations, limitations, and complications intrinsic in other models such as free energy methodologies. The extractable energy of counter-current PRO processes can be found through the same methodologies that provide the alternative derivation of energy is mixing. These methods also indicate the mole quantity of solute required to produce a kWh unit of energy in an osmotic energy generation process depending on process effeincy. By defining the relative cost of the concentrated solution to the dilute solution, the ideal operating point can be redefined to allow optimization to minimize cost, rather than total solution volume.
The most commonly investigated form of PRO, the seawaterriverwater mixing process, contains relatively little energy per unit volume. 0.18-0.19 kWh/m 3 are the maximum energy theoretically available for reasonable assumptions of salinity gradient (26.3-29.7 bar seawater, 0.263-1 bar dilute feed). Economic viability is nor expected in light of process inefficiencies including incomplete mixing, pressure exchanger inefficiency, and pumping losses.
High-pressure PRO, through either osmotic batteries or osmotic heat engines, are not only capable of higher energy density, approaching and exceeding 1 kWh/m 3 , but are also free to operate within a wider range of conditions without significantly changing the absolute volume requirement as compared to lower pressure operation which makes such systems more promising the seawater-riverwater PRO. Table 3 Performance analysis of a parallel staged PRO process ( Fig. 1d ) with initial π HI of 171 bar and π LI of 1 bar. 
